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The heat equationut(x, t) = uxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(H)
Solution to (H) is given by the formula
u(x, t) =
1√
4pi t
∫ +∞
−∞
exp
(−(x− y)2
4t
)
f(y)dy
or, introducing the heat kernel
H(x, t) = 1√
4pi t
e−x
2/4t
by the formula
u(x, t) =
∫ ∞
−∞
H(x− y, t) f(y)dy
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Taking the Fourier transform (with respect to x) of both sides of the
equation ut(x, t) = uxx(x, t) leads to
∂
∂t
Fu(s, t) = −4pi2s2Fu(s, t)
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Taking the Fourier transform (with respect to x) of both sides of the
equation ut(x, t) = uxx(x, t) leads to
∂
∂t
Fu(s, t) = −4pi2s2Fu(s, t)
This is a differential equation in t, an ordinary differential equation,
despite the partial derivative symbol, and we can solve it:
Fu(s, t) = Fu(s, 0) e−4pi2s2t
What is the initial condition Fu(s, 0)?
Fu(s, 0) =
∫ +∞
−∞
u(x, 0)e−2pi isxdx =
∫ +∞
−∞
f(x)e−2pi isxdx = Ff(s)
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Putting it all together
Fu(s, t) = Ff(s) e−4pi2s2t
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Putting it all together
Fu(s, t) = Ff(s) e−4pi2s2t
We recognize that the exponential factor on the right hand side is the
Fourier transform of the heat (Gaussian) hernel
H(x, t) = 1√
4pi t
exp
(−x2
4t
)
since for α > 0
f(x) = e−αx
2 
 fˆ(s) =
√
pi√
α
e−
pi2
α s
2
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We then have a product of two Fourier transforms
Fu(s, t) = Ff(s)FH(s, t)
and we invert this to obtain a convolution in the x domain u(x, t) =
H(x, t) ? f(x) or, written out
u(x, t) =
1√
4pi t
∫ +∞
−∞
exp
(−(x− y)2
4t
)
f(y)dy
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We then have a product of two Fourier transforms
Fu(s, t) = Ff(s)FH(s, t)
and we invert this to obtain a convolution in the x domain u(x, t) =
H(x, t) ? f(x) or, written out
u(x, t) =
1√
4pi t
∫ +∞
−∞
exp
(−(x− y)2
4t
)
f(y)dy
The function H(x, t) is also called Green’s function, or fundamental
solution for the heat equation.
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This technique applies also to the problemut(x, t) = cuxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(Hc)
where u and ux finite as |x| → ∞, t > 0
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This technique applies also to the problemut(x, t) = cuxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(Hc)
where u and ux finite as |x| → ∞, t > 0 whose solution is
u(x, t) =
1√
4pi ct
∫ +∞
−∞
exp
(−(x− y)2
4ct
)
f(y)dy
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This is not surprising since, if we assume that u(x, t) solves ut = cuxx,
if we define w(x, t) = u(x, t/c) then w is solution of wt = wxx.
In fact
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This is not surprising since, if we assume that u(x, t) solves ut = cuxx,
if we define w(x, t) = u(x, t/c) then w is solution of wt = wxx.
In fact
wt(x, t) =
1
c
ut(x, t/c) =
1
c
c uxx(x, t/c) = uxx(x, t/c) = wxx(x, t)
That is we can assume without loss of generality c = 1 and concern
only with ut = uxx
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Remark The heat kernel H(x, t) is defined for t > 0 only and is an
odd function of x
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Figure 1: Graph of the heat kernel for different values of t
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Properties of H
i) Ht(x, t) = Hxx(x, t) for each t > 0, x ∈ R
ii)
∫ ∞
−∞
H(x, t)dx = 1 for each t > 0
iii) lim
t→0+
H(x, t) =
 0 x 6= 0+∞ x = 0
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Properties of H
i) Ht(x, t) = Hxx(x, t) for each t > 0, x ∈ R
ii)
∫ ∞
−∞
H(x, t)dx = 1 for each t > 0
iii) lim
t→0+
H(x, t) =
 0 x 6= 0+∞ x = 0
i) stems from a direct calculation. ii) follows from the change of
variable q =
x√
4t
=⇒ dx = √4t dq which implies∫ +∞
−∞
H(x, t) dx = 1√
pi
∫ +∞
−∞
e−q
2
dq = 1
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Eventually to obtain iii) when x 6= 0 we change variable putting s = 1
t
and we use Hospital rule
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t
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t→0+
1√
4pi t
e−x
2/4t = lim
s→+∞
√
s√
4pi esx2/4
= lim
s→+∞
1
x2
√
spi esx2/4
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Eventually to obtain iii) when x 6= 0 we change variable putting s = 1
t
and we use Hospital rule
lim
t→0+
1√
4pi t
e−x
2/4t = lim
s→+∞
√
s√
4pi esx2/4
= lim
s→+∞
1
x2
√
spi esx2/4
= 0
while for x = 0 iii) is obvious
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Remark Using the change of variable y = x+ 2s
√
t =⇒ y = 2√t ds
we can write solution of (H) as
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds (Hs)
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Remark Using the change of variable y = x+ 2s
√
t =⇒ y = 2√t ds
we can write solution of (H) as
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds (Hs)
Exercise Prove, using (Hs) that u(x, t) = x
2 + 2t solvesut = uxx x ∈ R, t > 0u(x, 0) = x2 x ∈ R
